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A pseudo-Riemannian manifold is introduced, with light-cone coordinates in (4+1) dimensional
space-time, to describe a Galilei covariant gravity. The notion of 5-bein and torsion are developed
and a galilean version of teleparallelism is constructed in this manifold. The formalism is applied to
two spherically symmetric configurations. The first one is an ansatz which is inferred by following
the Schwarzschild solution in general relativity. The second one is a solution of galilean covariant
equations. In addition, this Galilei teleparallel approach provides a prescription to couple the 5-bein
field to the galilean covariant Dirac field.
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I. INTRODUCTION
The Galilei symmetry provides the foundation of non-
relativistic classical and non-relativistic quantum me-
chanics, and phenomena in many-body physics, such as
superconductivity and nuclear systems, are restricted to
this regime [1]. Beyond these, galilean symmetry finds
application even in the ultra-relativistic realm. It has
been observed that a Poincare´-covariant quantum field
theory in an infinite-momentum frame, in (3+1) dimen-
sions, is reduced to a Galilei covariant theory, in (2+1) di-
mensions [2, 3]. This is a limiting process to describe par-
ticles with high velocities, which is equivalent to taking
the theory in the light-cone frame, where the kinematical
symmetry is the central extension of Galilei group [4–10].
In order to generalize this result to a Galilei symmetry
in (3+1) dimensions, the starting point is a theory in
a (4+1) space-time, G4,1. Then the Galilei symmetry
is written in a manifestly covariant form, and this for-
malism has been used in various application [11–13]. In
particular, such a tensor structure has been associated
with a non-relativistic anti-de Sitter/conformal field the-
ory (AdS/CFT), in order to describe strongly coupled
fermions, as it is the case of cold fermion atoms at uni-
tarity [14–16].
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The metric tensor for the galilean space-time is intro-
duced by [17, 18]
ηµν =

 1d 0 00 0 −1
0 −1 0

 , (1)
where 1d is a Euclidian metric in d-dimensions. For
d = 3, this metric leaves the scalar product of vectors
invariant in the (4+1) space-time. For instance, consider
the 5-momentum p = (p1, p2, p3, p4, p5) = (p, p4, p5),
where p is the Euclidian linear momentum, p4 is defined
by the mass and p5 is the energy. Using ηµν and taking
p4 = m and p5 = E/m, up to a constant vr that is a
scale of velocity characteristic of the system, the Galilei
invariant dispersion relations reads p2 = p2 − 2mE. For
d = 2, the metric ηµν is associated with the light-cone
coordinates.
This geometric structure leads to the construction of
a galilean covariant theory of gravitation [19, 20] based
on a geometric approach. It provides solutions, for in-
stance, for the results of post-newtonian approximation
of general relativity, with no expansion in powers of 1/c
while retaining exact symmetry. Experiments, that have
been suggested to test Einstein theory of gravity, can be
understood equally well within this approach. This pro-
vides a strong motivation to pursue the development of
galilean symmetry and the theory of gravity, that can
also be useful in (2+1)-dimensional infinite-momentum
frame theories.
The galilean gravity has a symmetric connection, such
that the curvature ensures the dynamics of the field.
2On the other hand, this suggests a formalism based in
terms of a five-dimensional Weitzenbo¨ck space, where
the curvature is identically zero and the presence of the
field is due to a non-null torsion, corresponding to a 5-
dimensional teleparallel approach.
In the context of the (3+1)-dimensional Poincare´ sym-
metry, there are two descriptions of gravity, the geometric
approach and the teleparallel formalism, which are equiv-
alent to one another. The teleparallelism is based on a
set of 4-bein (vierbein) field, which is introduced by de-
scribing the 4-dimensional space-time. Such a field is re-
lated to the metric tensor of the geometric formalism, by
orthonormal relations [21–25]. There are at least two ap-
pealing aspects to develop the teleparallelism. First, the
energy-momentum tensor for the Einstein gravitational
theory is defined without ambiguity. Second, a consis-
tent definition of a coupling between the gravitation and
the Dirac fields is introduced. An objective here is to
show that both of these aspects are established within a
Galilei teleparallel formalism.
A proper definition for the energy-momentum tensor
of the galilean gravitational field is important for a com-
prehensive understanding of systems in the weak-field
regime. However, in this case, the galilean gravity, de-
veloped as a geometric approach, shares the same prob-
lem as the Einstein theory of general relativity: there
is still no agreement regarding an acceptable symmetric
energy-momentum tensor. Then we develop a teleparal-
lel version of the galilean gravity, based on the definition
of a 5-bein field. As a result, we show that a symmetric
energy-momentum tensor arises naturally from the field
equations. In addition, we consider a coupling of the
galilean gravitational field with spin-1/2 particles. The
equation of motion for the spin-1/2 particles is a man-
ifestly Galilei-covariant version of the Pauli-Schro¨dinger
equation. There is a lack of study in the literature about
such a coupling and due to the experimental interest this
analysis is addressed here in detail. In these develop-
ments the notion of Galilei covariance is crucial.
The paper is organized as follows. In Section II, start-
ing with the metric ηµν , we introduce the 5-bein field and
establish the tangent space. In Section III, we derive a
teleparallel version field equations of the galilean grav-
ity, showing the equivalence between the geometric and
the teleparallel formulations. In addition, the energy-
momentum tensor of the galilean gravity is derived. We
apply, in Section IV, the formalism to two cases, both
spherically symmetric systems that represent the same
configuration. In Section V, the coupling of the galilean
covariant Dirac field with the galilean gravity is stud-
ied. In the final section we present some concluding re-
marks. Appendix A gives a derivation of galilean covari-
ant Dirac equation. Appendix B provides a justification
for a metric formulation of galilean gravity, in particu-
lar the light-cone description. We use natural units with
G = c = ~ = 1.
II. THE 5-BEIN FIELD
In the absence of the gravitational field, we consider
physics as being described in flat space-time, G4,1 (see the
Appendices A and B), whose metric is given in Eq. (1).
Let us designate quantities invariant under galilean trans-
formations by Latin indices. Such quantities will be
called galilean vectors and tensors. Those ones invari-
ant under coordinate transformations will be marked by
using Greek indices. The local reference frame in space-
time adapted to an observer is realized by a set of orthog-
onal 5-vectors called the 5-bein field. It is represented by
ea = ea µdx
µ = (e(1), e(2), e(3), e(4), e(5)) , (2)
where the first three components are chosen following the
orientation of cartesian axes of the local reference frame.
The fourth component defines the field velocity of the
observer and the fifth one fixes the energy of such an
observer. Hereafter we shall use the term 5-bein field for
ea µ.
Considering a coordinate transformation, in flat space-
time, xa → xµ such as x(1) = r sin θ cosφ, x(2) =
r sin θ sinφ, x(3) = r cos θ, x(4) = 1√
2
(x4 + x5) and
x(5) = 1√
2
(x4 − x5), the 5-bein field is written as
e
a
µ =
∂xa
∂xµ
=


sin θ cos φ r cos θ cos φ −r sin θ sinφ 0 0
sin θ sinφ r cos θ sinφ r sin θ cosφ 0 0
cos θ −r sin θ 0 0 0
0 0 0
√
2
2
√
2
2
0 0 0
√
2
2
−
√
2
2


.
(3)
This coordinate transformation leads to a change in the
galilean metric from ηab to the diagonal form gµν =
diag(1, r2, r2 sin2 θ,−1, 1). Although the affine connec-
tion is different from zero, the space remains flat since
the curvature tensor is null. The form given in Eq. (3)
will be used to construct the 5-bein field in section IV.
A coordinate system xµ, in which gravitational forces
are present locally, can be realized as an inertial frame
xa with acceleration simulating gravitational interaction.
At each space-time point there is a flat tangent space.
Greek indices run from 1 to 5 and label world tensors
on curved space, Latin indices also run from 1 to 5 and
denote galilean tensors on the tangent space. The 5-bein
field obeys the relations
ea µe
b
νηab = gµν ,
ea µeb νg
µν = ηab . (4)
Therefore the galilean metric raises and lowers the Latin
indices. In a geometric description, gravity manifests it-
self by means of the curvature tensor constructed from
the affine connection while in teleparallel version it is re-
alized through the torsion tensor constructed from the
Weitzenbo¨ck like connection since the curvature tensor is
zero in this case.
3III. TELEPARALLEL GALILEAN GRAVITY
Two vectors are said to be parallel if their projections
on tangent space by the action of the 5-bein field are
equal. Thus, considering two vectors, V a(x) = ea µV
µ(x)
and V a(x+dx) = ea µV
µ(x)+(ea λ∂µV
λ+V λ∂µe
a
λ)dx
µ,
separated from each other by an infinitesimal displace-
ment, the teleparallelism or distant parallelism is ob-
tained if
∇νV µ = ∂νV µ + (eaµ∂νeaλ)V λ = 0 ,
where eaµ∂νeaλ = Γ
µ
νλ is called the Weitzenbo¨ck connec-
tion. The 5-bein field satisfies the same condition.
It is well known that in the Riemannian geometry, the
connection (Christoffel symbols) is totally symmetric in
its last two indices which implies that the torsion tensor
is zero. However, Weitzenbo¨ck connection has a torsion
tensor given by
T a µν(e) = ∂µe
a
ν − ∂νea µ , (5)
and it is non-zero. On the other hand, the curvature
tensor using the Weitzenbo¨ck connection is identically
zero. It is not difficult to show that both connections are
related by
Γµab =
◦ Γµab +Kµab , (6)
where Kµab =
1
2ea
λeb
ν(Tλµν + Tνλµ + Tµλν) is the con-
torsion tensor and ◦Γµab is the affine connection.
In order to establish the teleparallel version (distant
parallelism) of galilean gravity, it is worthwhile to show
the relationship between the two descriptions (geometric
and teleparallel). Let us first write the curvature scalar,
R(◦Γ), constructed from Eq. (6). It is possible to show
that such a quantity is related to the curvature scalar
obtained from the affine connection in the following way
eR(Γ) = eR(◦Γ)+e
(
1
4
T
abc
Tabc +
1
2
T
abc
Tbac − T
a
Ta
)
−2∂µ(eT
µ) ,
(7)
where e is the determinant of the 5-bein field ea µ and
T a = T b b
a. Since the curvature tensor and all con-
tractions in teleparallelism are identically zero, it follows
that
eR(◦Γ) ≡ −e
(
1
4
T
abc
Tabc +
1
2
T
abc
Tbac − T
a
Ta
)
+2∂µ(eT
µ) .
(8)
Both sides of Eq. (8) are invariant under galilean trans-
formations. Dropping the divergence term, the La-
grangian density is given by
L(eaµ) = −k e
(
1
4
T abcTabc +
1
2
T abcTbac − T aTa
)
− LM
≡ −k eΣabcTabc − LM , (9)
where k = 1/(16π), LM stands for the Lagrangian den-
sity for the matter fields and Σabc is defined by
Σabc =
1
4
(T abc+T bac−T cab)+ 1
2
(ηacT b− ηabT c) . (10)
Performing a variational derivative of the Lagrangian
density with respect to the 5-bein field eaλ, we get the
Euler-Lagrange equation
∂ν(eΣ
aλν) =
1
4k
e ea µ(t
λµ + T λµ) , (11)
where
tλµ = k(4ΣbcλTbc
µ − gλµΣbcdTbcd) , (12)
and ea µT
λµ = 1eδLM/eaλ is the energy-momentum ten-
sor of the matter field. It is possible to show that the
field equation given in Eq. (11) is equivalent to results in
the description of the geometric approach of the Galilei
gravity [19]. In addition, the Lagrangian densities are
equivalent. Thus it is clear that the teleparallel version
of the galilean gravity and its geometric description based
on Riemannian geometry are indeed equivalent.
Now let us analyze the meaning of tλµ. In view of the
antisymmetry property Σaµν = −Σaνµ, it follows that
∂λ
[
e ea µ(t
λµ + T λµ)
]
= 0 , (13)
which is the local balance equation. Therefore we iden-
tify tλµ as the galilean gravitational energy-momentum
tensor.
The integration of tλµ + T λµ over a hyper-surface of
x4 = constant defines the energy-momentum vector due
to the galilean gravitational and matter fields. Since the
integrand is independent of x(5) for systems studied in
this paper, the energy-momentum vector reduces to
P a =
∫
V
d3x e ea µ(t
4µ + T 4µ) , (14)
where V is a volume of the three dimensional space. Us-
ing Eq. (11) we obtain
P a =
∫
V
d3x∂jΠ
aj =
∮
S
dSj Π
aj , (15)
where Πaj = 4keΣa4j. It is interesting to note that the
above expression is invariant under coordinate transfor-
mation and it is projected on the tangent space, which
means that it is frame dependent. In such a formalism,
the gravitation is considered as a manifestation of tor-
sion.
IV. ENERGY-MOMENTUM TENSOR OF A
SPHERICALLY SYMMETRIC CONFIGURATION
There are two metrics describing spherical symme-
try of a galilean gravity field. One of them, analyzed
in the following subsection, is obtained when a similar
form of Schwarzschild solution of general relativity is as-
sumed [19]. Another one arises from a direct solution
of the galilean field equations [20]. Both cases explain
the advance of perihelion of Mercury, within galilei in-
variance and without invoking Lorentz symmetry. We
analyze both cases using the energy-momentum tensor
and considering the galilean teleparallelism.
4A. Case I
Consider the metric introduced in [19]. The line ele-
ment is
ds2 = f−1(r)dr2+r2dθ2+r2 sin2 θdφ2−2f(r)(dx4)(dx5) ,
(16)
where as usual f = 1− 2M/r. It describes a spherically
symmetric system and its form was set as an ansatz keep-
ing in mind the Schwarzschild solution in general relativ-
ity [27, 28]. In addition, it leads to the same result as for
general relativity for the case of the advance of perihelion
of Mercury [19]. Performing a coordinate transformation
x′4 =
1√
2
(x4 + x5) , x′5 =
1√
2
(x4 − x5) ,
leaving the others coordinates unaltered, the line element
assumes the form
ds2 = f−1(r)dr2+r2dθ2+r2 sin2 θdφ2−f(r)(dx′4)2+f(r)(dx′5)2 .
(17)
We choose a 5-bein field adapted to a spatial stationary
frame which means that e(4)
µ = (0, 0, 0, c1, c2), where
c1 and c2 are constants. The interpretation of e(4)
µ as
the field velocity is supported by the fact that such a
component lies along a tangent of the world line for an
observer. In addition, at spatial infinity, the axes of the
coordinate frame should be at rest, which is possible with
the choices e(1)
µ = (1, 0, 0, 0, 0), e(2)
µ = (0, 1, 0, 0, 0)
and e(3)
µ = (0, 0, 1, 0, 0) in an asymptotic limit, using
cartesian coordinates. Therefore the general form of the
5-bein field is
e
a
µ =


A sin θ cosφ r cos θ cosφ −r sin θ sinφ 0 0
A sin θ sinφ r cos θ sinφ r sin θ cos φ 0 0
A cos θ −r sin θ 0 0 0
0 0 0
√
2B
2
√
2C
2
0 0 0
√
2B
2
−
√
2C
2

 ,
(18)
where the functions A, B and C are defined by the con-
dition ea µea ν = gµν , yielding
A2 = f−1(r) ,
B2 = f(r) ,
C2 = f(r) . (19)
Then the determinant of the 5-bein field given in Eq.
(18) is e = f1/2r2 sin θ.
In order to obtain the energy-momentum tensor, we
perform the calculations in Eq. (15) on a spherical hyper-
surface with infinite radius. We get the following com-
ponents of Σλµν , Eq. (10),
Σ141 =
1
2
g11g44(g22T224 + g
33T334 − g55T545) ,
Σ241 = −1
4
g22g44g11(T214 + T412 + T124) ,
Σ341 = −1
4
g33g44g11(T314 + T413 + T134) ,
Σ441 =
1
2
g11g44(g22T212 + g
33T313 + g
55T515) ,
Σ541 = −1
4
g55g44g11(T514 + T415 − T145) . (20)
The non-null components of the torsion tensor are
T212 = r(1 −A) ,
T313 = T212 sin
2 θ ,
T515 =
1
2
∂1(C
2) . (21)
Using Eq. (15), Eq. (20) and Eq. (21), the non-null
components of the energy-momentum vector are
P (4) =
√
2M
4
,
P (5) =
√
2M
4
. (22)
This result is expected since we are dealing with a frame
which is at rest. Therefore in such a frame P (1), P (2)
and P (3) should be null. The Casimir invariant is given
by P 2 = P aPa = −2P (4)P (5), i. e. it is P 2 = −M2/4.
B. Case II
Let us now analyze the second case. The following line
element
ds2 = f−1(r)dr2+r2dθ2+r2 sin2 θdϕ2+
m
r
(dx4)2+
m
r
(dx5)2−2f(r)(dx4)(dx5)
(23)
describes the invariant interval on the curved manifold
with spherical symmetry [20]. It was obtained as an exact
solution of the field equations in galilean gravity and ap-
plied to analyze the advance of the perihelion of Mercury
and the bending of light. Using the coordinate trans-
formations x′4 = 1√
2
(x4 + x5) and x′5 = 1√
2
(x4 − x5),
keeping the other variables the same, the line element
becomes
ds2 = f−1(r)dr2+r2dθ2+r2 sin2 θdφ2−f(r)(dx′4)2+(dx′5)2 ,
(24)
where f = 1− 2M/r.
Let us choose a 5-bein field adapted to a spatial sta-
tionary frame. It has to obey the same conditions and
has the form of Eq. (18), with the functions A, B and C
chosen as
A2 = f−1(r) ,
B2 = f(r) ,
C = 1 . (25)
5The determinant of the 5-bein field is e = r2 sin θ.
Again, we need the components Σµ41 in order to calcu-
late the the energy-momentum vector, expressing them
in terms of the torsion tensor, we find
Σ141 =
1
2
g11g44(g22T224 + g
33T334 − g55T545) ,
Σ241 = −1
4
g22g44g11(T214 + T412 + T124) ,
Σ341 = −1
4
g33g44g11(T314 + T413 + T134) ,
Σ441 =
1
2
g11g44(g22T212 + g
33T313 + g
55T515) ,
Σ541 = −1
4
g55g44g11(T514 + T415 − T145) . (26)
The only non-null components of the torsion tensor ap-
pearing in above expressions are
T212 = r(1 −A) ,
T313 = T212 sin
2 θ , (27)
which yield the following non-null components of P a
when used in Eq. (15)
P (4) =
√
2M
2
,
P (5) =
√
2M
2
. (28)
This result is also expected once the 5-bein field is chosen
with the frame spatially at rest. The difference between
the two cases is the factor
√
2
2 appearing in Eq. (28),
while in Eq. (22) it is
√
2
4 . Constructing P
2, from com-
ponents (28), it is −M2.
By means of the analysis of the Casimir invariant
P aPa = P
2 for each case, we conclude that the second
metric is more appropriate to describe a spherically sym-
metric configuration in the realm of galilean gravity.
V. COUPLED GALILEAN GRAVITY AND
DIRAC FIELD
Let us consider a galilean covariant Dirac field, Ψ(x),
defined on the five-dimensional manifold G(4+1) with the
galilean metric [29, 30]. Then the lagrangian density for
such a field is given by
LM = Ψ(x)(iγa
↔
∂a − µ)Ψ(x) (29)
where φ
↔
∂νψ ≡ 12 [φ∂νψ − (∂νφ)ψ] and the adjoint field is
defined as
Ψ(x) = Ψ†(x) γ0,
where
γ(0) =
1√
2
(
γ(4) + γ(5)
)
.
The field Ψ(x) and its adjoint Ψ(x) obey anticommuta-
tion relations. The quantity µ is the invariant associated
with the square momentum on G(4+1). Thus defining a
5-momentum as pa = i∂a = (i∇, i∂4, i∂5) = (p, E,m),
an invariant is p2 = ηabpapb = µ
2. The matrices γa obey
the Clifford algebra {
γa, γb
}
= 2ηab.
In Appendix A the representations of γa in 4-dimension
are given, for a (3+1) dimensional space-time.
Let us apply the variational principle to the free La-
grangian (29). Then the Euler-Lagrange equations of mo-
tion for Ψ(x) and its adjoint Ψ(x) are respectively
(iγa∂a − µ) Ψ(x) = 0 and Ψ(x)(iγa
←
∂ a + µ) = 0,
where φ
←
∂ψ = (∂φ)ψ.
In order to couple the galilean gravity with the
galilean-covariant Dirac field, we make use of the Levi-
Civita connection ◦ωµab which transforms as a vector un-
der coordinate transformations and as a galilean tensor
of rank two. Such a connection was introduced in the
framework of teleparallelism equivalent to the general rel-
ativity to couple gravitation in (3+1) dimension with the
Lorentz invariant Dirac field. It leads to the correct field
equations and to a vanishing skew-symmetric part of the
stress tensor of matter fields [31]. Therefore we shall use
the prescription ∂a → Da ≡ ea µDµ, where Dµ is given
by
Dµ = (∂µ − ı
2
0ωµ
abΣab) , (30)
with Σab =
ı
4 [γ
a, γb] and
0ωµab = −1
2
ec µ(Ωabc − Ωbac − Ωcab) , (31)
Ωabc = eaν(eb
µ∂µec
ν − ec µ∂µeb ν) ,
the Christoffel symbols 0Γλµν and the Levi-Civita con-
nection are identically related by ∂µe
a
ν +
0ωµ
a
b e
b
ν −
0Γλµνe
a
λ = 0, or
0Γλµν = e
aλ∂µeaν + e
aλ (0ωµab)e
b
ν .
Taking into account (6) we get ◦ωµab = −Kµab. There-
fore we can write
Dµ = (∂µ +
ı
2
Kµ
abΣab) . (32)
Thus applying this prescription, the modified la-
grangian density for the Dirac field is
LM = eΨ(x)(iγν
↔
Dν − µ)Ψ(x) , (33)
where e is the determinant of 5-bein field and γµ =
ea
µγa. Applying the variational derivative with respect
to Ψ(x) and to its adjoint respectively we get
(iγνDν − µ)Ψ(x) = 0 and Ψ(x)(iγν
←
Dν + µ) = 0.
6These are the coupled galilean-covariant Dirac equation.
Correct field equations are obtained using the full La-
grangian density, Eq. (9), using LM given by Eq. (33).
VI. CONCLUSION
Using light-cone coordinates in a (4+1)-dimension
pseudo-Rimannian manifold, G, the Galilei symmetry, in
(3+1)-dimensions, is introduced in a covariant way. This
manifold is used to define 5-bein fields in the tangent
space. The manifestly Galilei-covariant field equations
for the teleparallel formalism of the galilean gravity are
derived. We show the equivalence of the teleparallelism
and the geometric approach. An energy-momentum ten-
sor is obtained by analyzing conserved quantities from
the field equations.
We have developed a coupling of the galilean-covariant
Dirac field with the 5-bein field by introducing a covari-
ant derivative ∂a → Da. We used a Levi-Civita con-
nection following Coote and Macfarlane [31] when they
treated the coupling of the Poincare´-covariant Dirac field
with gravity in the 5-bein formalism. They showed that
the Levi-Civita connection generates the correct field
equations and is the only possibility that leads to a sym-
metric energy-momentum tensor for the Dirac field. The
Galilei covariant form of the lagrangian density for the
Dirac field allows the use of the same prescription. It is
important to note that the introduction of the galilean
metric tensor for the space-time has been a central ele-
ment to obtain these results.
We apply the formalism to two cases of spherical sym-
metry and show, by construction of the Casimir invari-
ants, that the second line element presented is more ap-
propriate to describe such a configuration. We address
this problem from the point of view of the teleparallel
version of the galilean gravity where conserved and frame
dependent quantities are allowed to exist.
As a final observation, it is important to emphasize
that the galilean gravity reproduces the results of
post-newtonian approximation of general relativity, with
no expansion in powers of 1/c, while maintaining the
exact symmetry. And it is suitable for an understanding
of various experiments that have been considered to
establish the Einstein theory of gravity. A galilean-
covariant teleparallel formalism is relevant since the
coupling of gravity with spin 1/2 particles and the
symmetric energy-momentum tensor are introduced
without ambiguity.
Acknowledgments: The authors thank NSERC from
Canada, CAPES and CNPq from Brazil for financial sup-
port.
Appendix A: Galilei-covariant Dirac equation
In this appendix we describe the Lagrangian formalism
for scalar and spinor fields in a galilei covariant version.
We use the metric given in Eq. (1) with a dispersion
relation given as 2mE = p2 + const..
The galilean covariance is introduced as an embedding
of the space-time point (x, t) into a (D+ 1)-dimensional
space-time. We consider D = 4, such that the coor-
dinates are denoted as x ≡ (xµ) = (x1, x2, x3, x4, x5) =
(x, t, s) and the metric given as Eq. (1). This corresponds
to a 4 + 1 de Sitter space, G4,1, since the metric can be
diagonalized to diag(1, 1, 1,−1, 1). The scalar product
(x|y) = ηµνxµyν = xiyi − x5y4 − x4y5 is invariant under
linear transformations xµ′ = Λµ′ν x
ν .
A particular choice of Λ is
Λµν ≡


R11 R
1
2 R
1
3 −V 1 0
R21 R
2
2 R
2
3 −V 2 0
R31 R
3
2 R
3
3 −V 3 0
0 0 0 1 0
−ViRi1 −ViRi2 −ViRi3 12V2 1

 . (A1)
Then a 5-vector xµ is transformed by
x′i = Rijx
j − V ix4
x′4 = x4
x′5 = x5 − Vi
(
Rijx
j
)
+ 12V
2x4
(A2)
where i, j = 1, 2, 3 and V = (V1, V2, V3) = (V
1, V 2, V 3)
is the relative velocity. These correspond to the Galilei
homogeneous transformations for the components x′i,
space, and x′4, time. The component x′5 is associated
with the velocity V i, in the following sense. Considering
the 5-vector in the light-cone, we have
dxµdxµ = (dx)
2 − 2dx4dx5 = 0,
resulting in dx5 = V · dx/2. Then the Galilei invari-
ant physics is derived by the embedding of the (3+1)-
dimensional space-time in the light-cone of the (4+1)-
dimensional de Sitter space-time.
An arbitrary Galilei-vector Aµ, that transforms as
Aµ′ = Λµ′ν A
ν , under a Galilei boost transformation (tak-
ing R = 1) reads
Ai′ = Ai − V iA4
A4′ = A4
A5′ = A5 − V iAi + 12V iV iA4
(A3)
Basic vectors are then xµ = (x, t, s) and its conjugate
momentum pµ = (p, p4, p5) = (p,m,E). The transfor-
mation of p leads to
p′ = Rp−mV
m′ = m
E′ = E − (Rp) ·V+ 12mV2
The corresponding five-gradient is ∂µ = (∇, ∂t, ∂s) and
using the galilean metric, Eq. (1), we have: xµ =
7(x,−s,−t), ∂µ = (∇,−∂s,−∂t) and pµ = (p,−E,−m).
For a quantum theory, using the Dirac correspondence
procedure, we have pˆµ =
(
pˆ,−Eˆ,−mˆ
)
≡ −i~∂µ =
(−i~∇,−i~∂t,−i~∂s).
Let us investigate isometries in G. We show that the
ten dimensional Galilei algebra is a subalgebra of the fif-
teen dimensional set of affine transformations in G, i.e.
xµ → Λµνxν +aµ which leaves the scalar product, defined
with the metric ηµν , invariant, and such that |Λ| = 1.
The Lie algebra of this group is generated by {Mµν , Pµ},
where µ, ν = 1, . . . , 5 and is analogous to the Poincare´ al-
gebra, but in a 4+1 dimensional space. Its commutation
relations are
[Mµν ,Mρσ] = i (ηµρMνσ + ηνσMµρ − ηνρMµσ − ηµσMνρ)
[Pµ,Mρσ] = −i (ηµρPσ − ηµσPρ)
[Pµ, Pν ] = 0.
The generators of the Galilei group are given by
Mij → ǫijkJk
M5i = −Mi5 → Ki
P4 → −H
Pi → Pi
P5 → −m1
where we have added the central extension m through
the generator P5, which is another way to define mass as
a relic of the fifth dimension. Now we study the unitary
scalar and spinor representations of this algebra.
For a scalar representation, the starting point is the
Casimir invariant,pˆ2 = k′2, that leads to the equation
pˆ2ψ(x) = k′2. Observe this is consistent with the mass-
shell condition
p2 = p2 − 2mE = k′2 . (A4)
The constant k′ may be taken, without loss of generality,
to be zero. Then we obtain a galilean Klein-Gordon-like
equation,
∂µ∂µψ(x) = η
µν∂µ∂νψ(x) = 0 (A5)
which becomes,
∇2ψ(x)− 2∂5∂tψ(x) = 0. (A6)
Since pˆ5 = −m is an invariant, we have ∂5ψ(x) =
− im
~
ψ(x). A solution is
ψ(x) = exp
(
− ims
~
)
ψ(x, t).
Then we obtain the Schro¨dinger equation,
∇2ψ(x, t) − 2
(
− im
~
)
∂tψ(x, t) = 0
In this case we have the five-current which is a Galilei-
vector ( J(x), J0(x), E(x)) such that
J(x) = − i2~[ψ†(x)∇ψ(x) − (∇ψ†(x))ψ(x)]
J0(x) = mψ
†(x)ψ(x)
E(x) = ~22m∇ψ†(x) · ∇ψ(x).
(A7)
A spin 1/2 representation is derived by setting (γµ∂µ+
k)Ψ = 0, that in the momentum space reads (γµpµ −
ik)Ψ = 0. The γ-matrices satisfy the Clifford algebra
{γµ, γν} = γµγν + γνγµ = 2ηµν (A8)
In (4+1) dimension, a 4× 4 representation for the γ ma-
trices is
γ1 =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 , γ2 =


0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0


γ3 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 , γ4 =


0 0 0 0
0 0 0 0
−√2 0 0 0
0 −√2 0 0


γ5 =


0 0
√
2 0
0 0 0
√
2
0 0 0 0
0 0 0 0

 .
(A9)
The adjoint spinor is defined as Ψ¯ = Ψ†ζ with
ζ =
−1√
2
(
γ4 + γ5
)
=


0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

 . (A10)
The current is given by
jµDirac =
−i√
2
Ψ¯γµΨ. (A11)
Using (γµ∂µ−k), we get (ηµν∂µ∂ν−k2)Ψ = 0 which (for
k = 0) is the Galilei Klein-Gordon like equation.
The Lagrangian density for the galilean-Dirac equation
is
LDirac = Ψ¯(γµ∂µ + k)Ψ.
Writing the spinor field as
Ψ =
(
ϕ
χ
)
(A12)
we find
(σ · p− ik)ϕ− (−imωσ · r+√2m)χ = 0
− (σ · p+ ik)χ+ (√2E + imωσ · r)ϕ = 0. (A13)
Subtracting the second equation from the first, we obtain
(σ · p− − ik)ϕ+ (σ · p+ + ik)χ−
√
2Eϕ−
√
2mχ = 0.
(A14)
If we express χ in terms of ϕ as
χ =
√
2
2m
(σ · p− ik)ϕ (A15)
we find that, with the non-minimal substitution
p→ p− imωζr, (A16)
8the relation between χ and ϕ is
χ =
√
2
2m
(σ · p− − ik)ϕ (A17)
where we use the notation p± ≡ p ± imωr. Then ϕ
satisfies the equation
√
2
2m
(σ · p+ + ik) (σ · p− − ik)ϕ−
√
2Eϕ = 0 (A18)
from which we obtain
Eϕ =
(
p2
2m
+
mω2r2
2
−
3ω
2
−
ik
2m
(σ · p+ − σ · p−) +
k2
2m
)
ϕ
(A19)
or
Eϕ =
(
p2
2m
+
mω2rr2
2
− 3ω
2
+ kωσ · r+ k
2
2m
)
ϕ
By redefining E → E + k22m , we have
Eϕ =
(
p2
2m
+
mω2r2
2
− 3ω
2
+ kωσ · r
)
ϕ. (A20)
This equation therefore describes a non-relativistic har-
monic oscillator.
For a Galilei theory on the light-cone of the (3+1)
Minkowski space-time, the vectors are written as x ≡
(xµ) = (x1, x2, x−, x+) = (x, x−, x+) and the metric is
given by Eq. (1) with d = 2. The covariant equations
we have derived for the scalar and spinor representations
are recovered by the change of notations, x4 → x− and
x5 → x+. For the Dirac equation, the Dirac algebra is
generated by the four γ-matrices,
γ1 =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 , γ2 =


0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0


γ− =


0 0
√
2 0
0 0 0
√
2
0 0 0 0
0 0 0 0

 , γ+ =


0 0 0 0
0 0 0 0
−√2 0 0 0
0 −√2 0 0

 .
(A21)
Appendix B: Metric Formulation of Galilean Gravity
The purpose of this appendix is to recall the ideas de-
veloped in Ref. [19] about the geometric approach to
galilean gravity. Thus we start with the Galilei transfor-
mations written in a covariant form as described in the
last appendix and construct a galilean theory of grav-
ity by introducing a Riemannian manifold where locally
we have the (4+1)-space-time, G4,1. We carry out the
reduction from the (4+1) dimensional space-time to the
(3+1) dimensional manifold in order to provide physical
interpretation of field equations.
Taking a non-flat manifold where locally the metric is
ηµν (defined in A), we define a covariant derivative as
∇µXν = ∂µXν + ΓνλµXλ , (B1)
where Γνλµ is a connection that stipulates the nature of
the galilean space-time.
Let us consider the action of the covariant derivative
on a vector field Xµ, introducing the curvature tensor.
Hence we write
∇[µ∇λ]Xν =
1
2
Rν γµλX
γ , (B2)
whereRν γµλ is the curvature tensor in (4+1) dimensions.
We assume that when there is no gravitational field, the
curvature tensor vanishes.
The metric tensor is a covariant tensor of rank 2. It
is used to define distances and lengths of vectors. The
infinitesimal distance between two points xµ and xµ+dxµ
in the curved manifold defined from S4,1 is
ds2 = gµνdx
µdxν , (B3)
where gµν is the metric tensor. The relation given in
Eq. (B3) represents the line element as well. We empha-
size that the metric ηµν = diag(1, 1, 1,−1, 1) defines a flat
line element. The imposition that the covariant deriva-
tive of metric is zero yields the following expression for
the connection
Γνλµ =
1
2
gνδ(∂λgδµ + ∂µgδλ − ∂δgλµ) . (B4)
In this case the manifold is said to be affine and the
curvature tensor satisfies the following properties:
Rµνλγ = −Rµνγλ = −Rνµλγ = Rλγµν
Rµνλγ +Rµγνλ +Rµλγν ≡ 0. (B5)
These properties are derived from Eq. (B2). If we per-
form a contraction of the indices of the curvature tensor
then it is possible to define the Galilei-invariant curvature
scalar
R = gµνgγλRγµλν . (B6)
The field equations are derived from a Lagrangian in-
variant under galilean transformations. A natural candi-
date is the curvature scalar, that gives rise to the action
I =
∫
Ω
dΩ(
√−gR+ kLm) , (B7)
where g = detgµν , k is the coupling constant, Lm is a
matter lagrangian density and dΩ is the 5-dimensional
element of volume. Varying the action with respect to
gµν , we obtain
Rµν − 1
2
gµνR = kT µν , (B8)
9where T µν is the energy-momentum tensor of matter
fields and Rµν = R
λ
µλν . These equations have the
same form as those ones describing the general relativity
equations in (3+1)-Lorentz space-time. Here, however,
Eq. (B8) expresses a (3+1)-galilean-transformation in-
variant gravity theory when analyzed in the light-cone.
The quantity k is the coupling constant between the
galilean gravity and matter fields. Let us consider an
example.
Considering a spherically symmetric line element, we
obtain a geodesic motion by analyzing the functional
variation of
K = gµν x˙
µx˙ν , (B9)
which takes the possible values 1, -1 or 0. This relation
is similar to the galilean mass-shell condition, Eq. (A4),
and leads to
U
′′
+ U = G
M
h2
+ 3
G
c2
MU2 , (B10)
where U is the function that describes the trajectory
and the prime stands for the derivative with respect to
the angle φ [19]. Then we have derived, for instance,
the same value for the advance of the Mercury perihe-
lion, as it is obtained in general relativity considering
the post-newtonian limit. From this result, we conclude
that the galilean gravity theory is, physically, a covariant
version of the weak-field limit of the general relativity.
This results is appealing, in particular, for experimen-
tal purposes and represents a prescription to find such a
limit [19].
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